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Abstract: We place ourselves in a functional regression setting and pro-
pose a novel methodology for regressing a real output on vector-valued
functional covariates. This methodology is based on the notion of signature,
which is a representation of a function as an infinite series of its iterated
integrals. The signature depends crucially on a truncation parameter for
which an estimator is provided, together with theoretical guarantees. The
complete procedure is tested on real-world datasets.
1. Introduction
In a classical regression setting, a real output Y is described by a finite number
of predictors. A typical example would be to model the price of a house as a
linear function of several characteristics such as surface area, number of rooms,
location, and so on. These predictors are typically encoded as a vector in Rp,
p ∈ N∗. However, some applications do not fall within this setting. For example,
in medicine, a classical task consists in predicting the state of a patient (for
example, ill or not) from the recording of several physiological variables over
some time. The input data is then a function of time and not a vector. Similarly,
sound recognition or stock market prediction tasks both consist of learning from
time series, possibly multidimensional. Then, the question arises of extending
the linear model to this more general setting, where one wants to predict from
a functional input, of the form X : [0, 1]→ Rd, d ∈ N∗.
This casts our problem into the field of functional data analysis and more
specifically within the framework of functional linear regression (Ramsay and
Dalzell, 1991; Marx and Eilers, 1999). This rich domain has undergone con-
siderable developments in recent decades, as illustrated by the monographs of
Ramsay and Silverman (2005) and Ferraty and Vieu (2006), and the review by
Morris (2015). One of the core principles of functional data analysis is to repre-
sent input functions on a set of basis functions, for example, splines, wavelets, or
the Fourier basis. Another approach also consists in extracting relevant hand-
crafted features, depending on the field of application. For example, Benzeghiba
et al. (2007) and Turaga et al. (2008) provide overviews of learning methods
specific to speech and human action recognition, respectively.
In this article, we build on the work of Levin et al. (2013) and explore a novel
approach to linear functional regression, called the expected signature model. Its
∗This work was supported by grants from Re´gion Ile-de-France.
1
ar
X
iv
:2
00
6.
08
44
2v
1 
 [s
tat
.M
E]
  1
5 J
un
 20
20
A. Fermanian/Linear functional regression with truncated signatures 2
main strength is that it is naturally adapted to vector-valued functions, which
is not the case of most of the methods previously mentioned. Its principle is to
represent a function by its signature, defined as an infinite series of its iterated
integrals. Signatures date back from the 60s when Chen (1958) showed that a
smooth path can be faithfully represented by its iterated integrals and it has
been at the center of rough paths theory in the 90s (Lyons et al., 2007; Friz
and Victoir, 2010). Rough paths theory has seen extraordinary developments in
recent times, and, in particular, has gained attention from the machine learning
community. Indeed, signatures combined with (deep) learning algorithms have
been successfully applied in various fields, such as characters recognition (Yang
et al., 2015, 2016; Lai et al., 2017; Liu et al., 2017), human action recognition
(Li et al., 2017; Yang et al., 2017), speech emotion recognition (Wang et al.,
2019), medicine (Arribas et al., 2018; Moore et al., 2019; Morrill et al., 2019;
Howison et al., 2020), or finance (Arribas et al., 2020). We refer the reader to
Chevyrev and Kormilitzin (2016) for an introduction to signatures in machine
learning, and to Fermanian (2019) for a more recent overview.
We stress again that the main advantage of the signature approach is that it
can handle multidimensional input functions, that is, functions X : [0, 1]→ Rd,
d ≥ 2, whereas traditional methods struggle to model interactions between
coordinates. Many modern datasets come in this form with a large dimension
d. Moreover, the signature method requires little assumptions on the regularity
of X and encodes nonlinear geometric information about X. Finally, functional
regression with signature features is very natural as any continuous function can
be approximated arbitrarily well by a linear function of the truncated signature
(Kira´ly and Oberhauser, 2019).
As any continuous function of X can be approximated by a scalar product
on its truncated signature, the estimation of a regression function boils down
to the estimation of the coefficients in this scalar product. The truncation order
of the signature is therefore a crucial parameter as it controls the complexity
of the model. Thus, in our quest for a linear model on the signature, one of
the main purposes of our article will be to estimate this parameter. With an
estimator of the truncation order at hand, the methodology is complete and the
expected signature model can be applied to real-world data. To summarize, our
document is organized as follows.
(i) First, in Section 2, we recall the definition of the signature of a path and
its main properties.
(ii) Then, in Section 3, we introduce our functional linear model on signatures
and the estimator of the truncation order. Its rate of convergence is given
in Section 4.
(iii) Finally, Section 5 is devoted to the practical implementation of our ap-
proach and the application on real-world datasets is discussed in Section
6.
For the sake of clarity, the proofs of the mathematical results are postponed to
Appendix A and B. The code is available at https://github.com/afermanian/
signature-regression.
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2. The signature of a path
Before we delve into the regression model, we gentle introduce the notion of
signature and review some of its important properties. The reader is referred to
Lyons et al. (2007) or Friz and Victoir (2010) for a more involved mathematical
treatment with proofs. Throughout the article, our basic objects are paths, that
is, functions from [0, 1] to Rd, where d ∈ N∗. Our basic assumption is that these
paths are of bounded variation, i.e., they have finite length.
Definition 2.1. Let
X : [0, 1] −→ Rd
t 7−→ (X1t , . . . , Xdt ).
The total variation of X is defined by
‖X‖TV = sup
I
∑
(t0,...,tk)∈I
‖Xti −Xti−1‖,
where the supremum is taken over all finite subdivisions of [0, 1], and ‖·‖ denotes
the Euclidean norm on Rd. The set of paths of bounded variation is then defined
by
BV (Rd) =
{
X : [0, 1]→ Rd | ‖X‖TV <∞
}
.
We recall that BV (Rd) endowed with the norm
‖X‖BV (Rd) = ‖X‖TV + sup
t∈[0,1]
‖Xt‖
is a Banach space. Moreover, the assumption of bounded variation allows to
define Riemann-Stieljes integrals along paths, which puts us in a position to
define the signature.
Definition 2.2. Let X : [0, 1] → Rd be a path of bounded variation and I =
(i1, . . . , ik) ⊂ {1, . . . d}k, k ∈ N∗, be a multi-index of length k. The signature
coefficient of X corresponding to the index I on [0, 1] is defined by
SI(X) =
∫
· · ·
∫
0≤u1<···<uk≤1
dXi1u1 . . . dX
ik
uk
. (2.1)
SI(X) is then said to be a signature coefficient of order k.
The signature of X is the sequence containing all signature coefficients, i.e.,
S(X) =
(
1, S(1)(X), . . . , S(d)(X), S(1,1)(X), S(1,2)(X), . . . , S(i1,...,ik)(X), . . .
)
.
The signature of X truncated at order m, denoted by Sm(X), is the sequence
containing all signature coefficients of order lower than or equal to m, that is
Sm(X) =
(
1, S(1)(X), S(2)(X), . . . , S
length m︷ ︸︸ ︷
(d, . . . , d)(X)
)
.
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Table 1
Typical values of sd(m).
d = 2 d = 3 d = 6
m = 1 2 3 6
m = 2 6 12 42
m = 5 62 363 9330
m = 7 254 3279 335922
Note that the definition can be extended to paths defined on any interval [s, t] ⊂
R by changing the integration bounds in (2.1). Before giving an example of
signature, some comments are in order. First, as mentioned in the introduction,
for a path in Rd, there are dk signature coefficients of order k. The signature
truncated at order m is therefore a vector of dimension sd(m), where
sd(m) =
m∑
k=0
dk =
dm+1 − 1
d− 1 if d ≥ 2,
and sd(m) = m + 1 if d = 1. Thus, provided d ≥ 2, the size of Sm(X) in-
creases exponentially with m, and polynomially with d—some typical values
are presented in Table 1.
The set of coefficients of order k can be seen as an element of the kth tensor
product of Rd with itself, denoted by (Rd)⊗k. For example, we can write the d
coefficients of order 1 as a vector, and the d2 coefficients of order 2 as a matrix,
i.e., S
(1)(X)
...
S(d)(X)
 ∈ Rd,
S
(1,1)(X) . . . S(1,d)(X)
...
...
S(d,1)(X) . . . S(d,d)(X)
 ∈ Rd×d ≈ (Rd)⊗2.
Similarly, coefficients of order 3 can be written as a tensor of order 3, and so
on. Then, S(X) can be seen as an element of the tensor algebra
R⊕ Rd ⊕ (Rd)⊗2 ⊕ · · · ⊕ (Rd)⊗k ⊕ · · · .
Although not fundamental in the present paper, this structure of tensor algebra
turns out to be useful to derive properties of the signature (Lyons et al., 2007;
Friz and Victoir, 2010).
As a toy example, let us consider a linear path, and assume for simplicity
that d = 2:
Xt =
(
X1t
X2t
)
=
(
a1 + b1t
a2 + b2t
)
.
Then, for any index I = (i1, . . . , ik) ⊂ {1, 2}k, the signature coefficient along I
is
S(i1,...,ik)(X) =
∫
· · ·
∫
0≤u1<···<uk≤1
dXi1u1 . . . dX
ik
uk
=
bi1 . . . bik
k!
. (2.2)
A. Fermanian/Linear functional regression with truncated signatures 5
A crucial feature of the signature is that it encodes the geometric properties of
the path. Indeed, coefficients of order 2 correspond to areas outlined by the path.
For higher orders of truncation, the signature contains information about the
joint evolution of tuples of coordinates. Moreover, it is clear from its definition as
an integral that the signature is independent of the time parametrization (Friz
and Victoir, 2010, Proposition 7.10). Therefore, the signature looks at paths as
purely geometric objects, without any information about sampling frequency,
speed, or travel time.
We now recall a series of properties of the signature that motivate the defi-
nition of the expected signature model and will be useful in the next sections.
A first important property provides a criterion for the uniqueness of signatures.
Proposition 2.3. Assume that X ∈ BV (Rd) contains at least one monotone
coordinate, then S(X) characterizes X up to translations.
This is a sufficient condition, a necessary one has been derived by Hambly and
Lyons (2010) and is based on the construction of an equivalence relation between
paths, called tree-like equivalence. For any path X ∈ BV (Rd), we will consider
the time-augmented path (Xt, t) ∈ BV (Rd+1), which satisfies the assumption
of Proposition 2.3. Enriching the path with new dimensions is a classic part of
the learning process when signatures are used, and is discussed by Fermanian
(2019) and Morrill et al. (2020).
The next proposition states that the signature linearizes functions of X and
is the core motivation of the signature expected model. We refer the reader to
Kira´ly and Oberhauser (2019), Theorem 1, for a proof in a similar setting.
Proposition 2.4. Let D ⊂ BV (Rd) be a compact set of paths that have at least
one monotone coordinate and such that, for any X ∈ D, X0 = 0. Let f : D → R
be continuous. Then, for every ε > 0, there exists m∗ ∈ N, β∗ ∈ Rsd(m∗), such
that, for any X ∈ D, ∣∣f(X)− 〈β∗, Sm∗(X)〉∣∣ ≤ ε,
where 〈·, ·〉 denotes the Euclidean scalar product on Rsd(m∗).
This proposition is a consequence of the Stone-Weierstrass theorem. The
classical Weierstrass approximation theorem states that every real-valued con-
tinuous function on a closed interval can be uniformly approximated by a poly-
nomial function. Linear forms on the signature can, therefore, be thought of as
the equivalent of polynomial functions for paths.
Finally, the following bound on the norm of the truncated signature allows
us to control the rate of decay of signature coefficients of high order—see Lyons
(2014, Lemma 5.1) for a proof.
Proposition 2.5. Let X : [0, 1] → Rd be a path in BV (Rd). Then, for any
m ≥ 0,
‖Sm(X)‖ ≤
m∑
k=0
‖X‖kTV
k!
≤ e‖X‖TV .
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3. The expected signature model
3.1. Definition of the model
Now that we have given an overview of the signature properties, we describe
its use in a statistical context. Our goal is to model the relationship between
a real random variable Y ∈ R and a random input path X ∈ BV (Rd). Recall
that Proposition 2.4 states that linear functions of the signature are dense in
the set of continuous functions on a compact subset of BV (Rd). In essence,
this proposition says that it is reasonable to model a continuous function of X
as a linear function of its signature truncated at some order. This justifies the
following model that was first introduced in a slightly different form by Levin
et al. (2013). In this model, it is assumed that there exists m ∈ N, β∗m ∈ Rsd(m),
such that
E [Y |X] = 〈β∗m, Sm(X)〉, and Var(Y |X) ≤ σ2 <∞. (3.1)
We consider throughout the article the smallest m∗ ∈ N such that there exists
β∗m∗ ∈ Rsd(m
∗) satisfying
E [Y |X] = 〈β∗m∗ , Sm∗(X)〉.
In other words, we assume a regression model, where the regression function
is a linear form on the signature. Moreover, it can be noticed that, since the
first term of signatures is always equal to 1, this regression model contains
an intercept. Therefore, when m∗ = 0, (3.1) is a constant model. Finally, it
should be pointed out that there are two unknown quantities in model (3.1):
m∗ and β∗m∗ . The parameter m
∗ is the truncation order of the signature of X
and controls the model size, whereas β∗m∗ is the vector of regression coefficients,
whose size sd(m
∗) depends on m∗.
It is instructive to compare this model to those in functional linear regression
(Ramsay and Silverman, 2005; Mu¨ller and Stadtmu¨ller, 2005). The core idea
of functional regression is to model the input function X with a set of basis
functions. For example, the Fourier basis {x 7→ e2inpix |n ∈ Z} is an orthonormal
basis for the space L2([0, 1]). Assuming that X ∈ L2([0, 1]), it is reasonable to
represent X by its coefficients on this basis. The response Y is then assumed to
be linear in the Fourier coefficients of X. In the expected signature model, the
focus moves from modeling X to modeling functions of X. Indeed, instead of
using a basis of the space of X, we use a basis of the space of functions of X.
In the context of supervised learning, we are not interested in X itself but in
functions of X that can approach the output Y . Therefore, modeling functions
of X seems a natural strategy.
The signature truncation order m∗ is a key quantity in this model and in-
fluences the rest of the study. Indeed, it controls the number of coefficients and
therefore the computational feasibility of the whole method. However, it is in
general little discussed in the literature and small values are picked arbitrarily.
For example, Liu et al. (2017) consider values of m up to 2, Yang et al. (2015)
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up to 3, Arribas et al. (2018) and Lai et al. (2017) up to 4, Yang et al. (2016)
up to 5 , and Yang et al. (2017) up to 8. Thus, one of our main objectives is
to establish a rigorous procedure to estimate m∗, and, to this end, we define a
consistent estimator of m∗. As we will see later, a simple estimator of β∗m∗ , and
therefore of the regression function, is then also obtained.
3.2. Definition of the estimators
We are now in a position to define the estimator of m∗. Let
Dn = {(X1, Y1), . . . , (Xn, Yn)}
be i.i.d. observations drawn according to the law of (X,Y ). We use the approach
of penalized empirical risk minimization. For the moment, let us fix a certain
truncation order m ∈ N, and let α > 0 denote a fixed positive number. Then,
the ball in Rsd(m) of radius α centered at 0 is denoted by
Bm,α =
{
β ∈ Rsd(m) | ‖β‖ ≤ α},
where ‖ · ‖ stands for the Euclidean norm, whatever the dimension. By a slight
abuse of notation, the sequence (Bm,α)m∈N can be seen as a nested sequence of
balls, i.e.,
B0,α ⊂ B1,α ⊂ · · · ⊂ Bm,α ⊂ Bm+1,α ⊂ · · · .
From now on, we will only consider coefficients within these balls. Therefore, we
assume that the true coefficient β∗m∗ lies within such a ball, i.e., we make the
assumption:
(Hα) β
∗
m∗ ∈ Bm∗,α.
On the one hand, for a fixed truncation order m, the theoretical risk is defined
by
Rm(β) = E
(
Y − 〈β, Sm(X)〉)2.
The minimal theoretical risk for a certain truncation order m, denoted by L(m)
is then
L(m) = inf
β∈Bm,α
Rm(β) = Rm(β∗m),
where β∗m ∈ argmin β∈Bm,αRm(β) (note that the existence of β∗m is ensured by
convexity of the problem). Since the sets (Bm,α)m∈N are nested, L is a decreasing
function of m. Its minimum is attained at m = m∗, and, provided m ≥ m∗, L(m)
is then constant and equal to
R(β∗m∗) = E
(
Y − 〈β∗m∗ , Sm∗(X)〉)2 = E(Var(Y |X)) ≤ σ2.
On the other hand, the empirical risk with signature truncated at order m is
defined by
R̂m,n(β) = 1
n
n∑
i=1
(
Yi −
〈
β, Sm(Xi)
〉)2
,
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where β ∈ Bm,α. The minimum of R̂m,n over Bm,α is denoted by L̂n(m) and
defined as
L̂n(m) = min
β∈Bm,α
R̂m,n(β) = R̂m,n(β̂m),
where β̂m denotes a point in Bm,α where the minimum is attained. Note that
β 7→ R̂m,n(β) is a convex function so β̂m exists. We point out that minimizing
R̂m,n over Bm,α is equivalent to performing a Ridge regression with a certain
regularization parameter which depends on α.
In short, for a fixed truncation order m, a Ridge regression gives us the best
parameter β̂m to model Y as a linear form on the signature of X truncated at
order m. Recall that our goal is to find a truncation order m̂ close to the true
one m∗. Since the (Bm,α)m∈N are nested, the sequence (L̂n(m))m∈N decreases
with m. Indeed, increasing m makes the set of parameters larger and there-
fore decreases the empirical risk. An estimator of m∗ can then be defined by a
trade-off between this decreasing empirical risk and an increasing function that
penalizes the number of coefficients. More precisely, we let
m̂ = min
(
argmin
m∈N
(
L̂n(m) + penn(m)
))
,
where penn(m) is an increasing function of m that will be defined in Theorem
4.1. If the minimum of L̂n + penn is reached by several values, we choose for m̂
the smallest one.
Now that we have an estimate of m∗, which is a key ingredient in establishing
the whole process of the expected signature method, and before presenting the
whole procedure, we justify the estimator by some theoretical results in the next
section.
4. Theoretical results
In this section, we show that it is possible to calibrate a penalization that
ensures exponential convergence of m̂ to m∗. The proof is given in Appendix A.
In addition to (Hα), we need the following assumption:
(HK) there exists KY > 0 and KX > 0 such that almost surely |Y | ≤ KY and
‖X‖TV ≤ KX .
In a nutshell, (HK) says that the trajectories have a length uniformly bounded
by KX , which is in practice a reasonable assumption. We shall also use the
constant K, defined by
K = 2(KY + αe
KX )eKX . (4.1)
The main result of the section is the following.
Theorem 4.1. Let Kpen > 0, 0 < ρ <
1
2 , and
penn(m) = Kpenn
−ρ√sd(m). (4.2)
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Let n0 be the smallest integer satisfying
n0 ≥
(
(432Kα
√
pi +Kpen)
√
sd(m∗ + 1)
( 2
L(m∗ − 1)− σ2
+
√
2
Kpen
√
dm∗+1
))1/ρ˜
, (4.3)
where ρ˜ = min(ρ, 12 − ρ). Then, under the assumptions (Hα) and (HK), for any
n ≥ n0,
P (m̂ 6= m∗) ≤ C1 exp
(−C2n1−2ρ) ,
where the constants C1 and C2 are defined by (A.12) and (A.13).
Thus, this theorem provides a non-asymptotic bound on the convergence of
m̂. It implies the almost sure convergence of m̂ to m∗: asymptotically, m̂ will be
close to m∗. We can note that the penalty decreases slowly with n (more slowly
than a square-root) and, if d ≥ 2, increases with m exponentially, i.e., as dm/2.
The penalty includes an arbitrary constant Kpen. Its value that minimizes n0 is
Kpen =
√
(L(m∗ − 1)− σ2)432√piαK
dm∗+1
,
and, in practice, it is calibrated with the slope heuristics method of Birg and
Massart (2007), described in Section 5. The proof of Theorem 4.1 is based on
chaining tail inequalities that bound uniformly the tails of the risk. We refer the
reader to Appendix A for a detailed proof.
With an estimator of m̂ at hand, one can simply choose to estimate β∗m∗ by
β̂m̂, which gives an estimator of the regression function in model (3.1). As a
by-product of Theorem 4.1, we then get the following bound.
Corollary 4.2.
E
(〈
βˆm̂, S
m̂(X)
〉− 〈β∗m∗ , Sm∗(X)〉)2 = O( 1√n).
The proof is given in Appendix B. We have now all the ingredients necessary
to implement this linear model on truncated signatures. Before looking at its
performance on real-world datasets, we present in the next section the complete
numerical methodology.
5. Numerical methodology
5.1. Computing the signature
We first need to compute efficiently signatures, which is the step described in this
subsection. Typically, the input data consists of arrays of sampled values of X.
We choose to interpolate the sampled points linearly, and therefore we only need
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to compute signatures of piecewise linear paths. To this end, Equation (2.2) gives
the signature of a linear path and Chen’s theorem (Chen, 1958), stated below,
provides a formula to compute recursively the signature of a concatenation of
paths.
Let X : [s, t]→ Rd and Y : [t, u]→ Rd be two paths, 0 ≤ s < t < u ≤ 1, the
concatenation of X and Y , denoted by X ∗ Y , is defined as the path from [s, u]
to Rd such that, for any v ∈ [s, u],
(X ∗ Y )v =
{
Xv if v ∈ [s, t],
Xt + Yv − Yt if v ∈ [t, u].
Proposition 5.1 (Chen). Let X : [s, t]→ Rd and Y : [t, u]→ Rd be two paths
with bounded variation. Then, for any multi-index (i1, . . . , ik) ⊂ {1, . . . , d}k,
S(i1,...,ik)(X ∗ Y ) =
k∑
`=0
S(i1,...,i`)(X) · S(i`+1,...,ik)(Y ). (5.1)
This proposition is an immediate consequence of the linearity property of
integrals (Lyons et al., 2007, Theorem 2.9). Therefore, to compute the signature
of a piecewise linear path, it is sufficient to iterate the following two steps:
1. Compute with equation (2.2) the signature of a linear section of the path.
2. Concatenate it to the other pieces with Chen’s formula (5.1).
This procedure is implemented in the Python library iisignature (Reizen-
stein and Graham, 2018). Thus, for a sample consisting of p points in Rd, if
we consider the path formed by their linear interpolation, the computation of
the path signature truncated at level m takes O(pdm) operations. The complex-
ity is therefore linear in the number of sampled points but exponential in the
truncation order m.
5.2. Procedure
We now have all the elements in hand to describe the practical implemen-
tation of the expected signature model. In practice, we are given a dataset
{(x1, Y1), . . . , (xn, Yn)}, where, for any 1 ≤ i ≤ n, Yi ∈ R and xi ∈ Rpi×d. Thus,
xi is a matrix whose columns correspond to values of a process in Rd sampled
at pi different times. We fix M ∈ N such that, for any m ≥ M , the function
m 7→ L̂n(m) + penn(m) is strictly increasing and apply the procedure described
in Algorithm 1.
Note that in the first step of Algorithm 1 there exist other choices for the
embedding of the matrix xi into a continuous path X˜i (Fermanian, 2019). The
parameter ρ is set to 0.4. The constant Kpen is calibrated with the so-called
slope heuristics method, first proposed by Birg and Massart (2007). The whole
procedure is illustrated with a toy example in the next subsection.
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Algorithm 1: Pseudo-code for a linear model on truncated signatures.
Data: {(x1, Y1), . . . , (xn, Yn)}
Result: Estimators mˆ and βˆmˆ
1 Interpolate linearly the columns of xi so as to have a set of continuous piecewise linear
paths Xi : [0, 1]→ Rd, 1 ≤ i ≤ n. Add a time dimension, i.e., consider the path
X˜i : [0, 1]→ Rd+1, where X˜ji = Xji for 1 ≤ j ≤ d, and Xd+1i,t = t, t ∈ [0, 1].
2 Select the Ridge regularization parameter λ by cross validation on the regression model
with
{
S1(X˜1), . . . , S1(X˜n)
}
as predictors.
3 for m = 1, . . . ,M do
4 Compute signatures truncated at level m:
{
Sm(X˜1), . . . , Sm(X˜n)
}
.
5 Fit a Ridge regression on the pairs
{
(Sm(X˜1), Y1), . . . , (Sm(X˜n, Yn)
}
. Compute its
squared loss L̂n(m).
6 Compute the penalization penn(m) = Kpen
√
sd(m)
nρ
.
7 Choose m̂ = argmin
0≤m≤M
(
L̂n(m) + penn(m)
)
.
8 Compute β̂m̂ by fitting a Ridge regression on
{
(Sm̂(X˜1), Y1), . . . , (Sm̂(X˜n, Yn)
}
.
5.3. Illustration with a toy example.
This section is devoted to illustrating the different steps of the method on sim-
ulated data. It will be implemented on real data in Section 6. Therefore, we
simulate pairs (X,Y ) following model (3.1). First, for any d ∈ N∗, functional
inputs X : [0, 1] → Rd+1, Xt = (X1t , · · · , Xdt , t) are defined as follows. The kth
component of X is the function
Xkt = α1k + 10α2k sin
( 2pit
α3k
)
+ α4k(t− α5k)3,
where the parameters αik, 1 ≤ i ≤ 5 are sampled uniformly on [0, 1]. Note
that time is added as an extra coordinate. Figure 1 shows some samples of Xkt
obtained by this method.
Fig 1. 10 different realizations of Xkt
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For any m∗ ∈ N, the output Y is defined as Y = 〈β, Sm∗(X)〉+ ε, where ε is
a uniform random variable on [−100, 100] and β is given by
βi =
1
1000
ui, 1 ≤ i ≤ sd(m∗),
where ui are sampled uniformly on [0, 1]. Then, m
∗ is estimated with the proce-
dure described in Algorithm 1 for different sample sizes n. To select the constant
Kpen, we use the dimension jump method, that is we plot m̂ as a function of
Kpen, find the value of Kpen that corresponds to the first big jump of m̂ and fix
Kpen to be equal to twice this value. For a recent account of the theory of slope
heuristics, we refer the reader to the review by Arlot (2019). For example, for
m∗ = 5 and d = 2, plotting m̂ against Kpen yields Figure 2. In this case, Kpen
is selected at 3000.
Fig 2. Selection of Kpen with the slope heuristics method.
We fix d = 2 and m∗ = 5 and, for different sample sizes n, we iterate the
whole process 100 times. In Figure 3, a histogram of the values taken by m̂ is
plotted against n. We can see that when n increases, the estimator converges to
the true value m∗ = 5.
6. Real-world datasets
6.1. The Canadian Weather dataset
We close this study by implementing the expected signature model on real-
world datasets. First, we consider the Canadian Weather dataset, introduced
by Ramsay and Silverman (2005) and available in the R package fda (Ramsay
et al., 2018). The data consists of 32 curves of the daily temperature in different
locations in Canada, averaged from 1960 to 1994. The response consists of the
average total annual precipitations over the same period. Some sample curves
are shown in Figure 4.
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Fig 3. Histograms of values m̂ as a function of n. For each n, 100 iterations of estimation are
done. The true value is m∗ = 5. The hyperparameters are α = 10.1, ρ = 0.4 and Kpen = 3000.
Fig 4. 5 samples from the Canadian Weather dataset
With the procedure described in section 5.2, we find an estimator m̂ = 5,
where the hyperparameters α = 2.13 and Kpen = 0.006 were used. The functions
L̂n and penn as well as their sum is shown in Figure 5. Moreover, we obtain a
mean absolute error on the training set of 0.064. Figure 6 shows the target values
Yi against the ones predicted by the expected signature model truncated at m̂.
We can see that the points are close to the first bisector, therefore the expected
signature model truncated at a small order can well approximate the function
linking the temperature profile over a year to the total annual precipitations.
Finally, we show on Figure 7 a heatmap of the coefficient vector β̂m̂. The
coefficients’ magnitude seems to decrease with their order, as could be expected
from the exponential decay of signature coefficients stated in Proposition 2.5.
Moreover, we can see that many of the entries are almost zero, with only four
coefficients significantly larger (two of order two and two of order 3). This sug-
gests that a sparse regression vector could perform well in the context of the
expected signature model. Indeed, the structure of tensor of the signature could
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Fig 5. Empirical risk, theoretical risk and penalization for the Canadian Weather dataset.
Fig 6. Predicted values against target values for the Canadian Weather dataset.
be exploited to adapt sparsity constraints to this particular case.
6.2. Extension to classification
We present in this section some results of the expected signature model for time
series classification. The expected signature model (3.1) can be extended to
binary classification by using 0/1 labels and thresholding the regression output.
In other words, we predict the class 0 if Ŷ ≤ 0.5, and 1 otherwise. We have
tested this procedure on 25 datasets from the UEA & UCR repository (Bagnall
et al., 2018). Six of these datasets are multivariate and the others are univariate.
A summary together with the results of the procedure are presented in Table
2. Note that, as described in Subsection 5.2, we augment the time series with a
time coordinate, so the univariate time series are actually in R2.
We can see from Table 2 that the size of the datasets vary from 20 to 5890,
with lengths from 20 to 3000. The dimension of the time series vary from 2
to 145, with a majority being of dimension 2. We have kept the train/test split
provided by the repository and computed the accuracy on the test set. We recall
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Fig 7. Coefficients obtained for the Canadian weather dataset with a truncation order of 5.
The vertical axis represents the order of the coefficients: on top the coefficient of order 0,
then the two coefficients of order 1, then the four coefficients of order 2, and so on.
that, if {Y1, . . . , Yntest} are the labels of the test set, and {Ŷ1, . . . , Ŷntest} are the
predicted labels, then, the accuracy is defined by
Acc =
1
ntest
ntest∑
i=1
1Yi=Ŷi .
Moreover, for the final model, the time series have been normalized so that the
signature coefficients remain of a reasonable order, i.e., all paths are multiplied
by (m̂!)1/m̂.
Fig 8. Histogram of the values of m̂ obtained on 26 datasets from the UEA & UCR repository.
First, we are interested in the values obtained for m̂. They are represented as
an histogram in Figure 8. We can note that the distribution of m̂ is close to a
uniform law on [0, 10]. As expected, m̂ remains small, which gives an argument
in favor of the approach undertaken in the literature and described in Section
3.1.
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Table 2
Summary of the UEA & UCR datasets. d is the dimension of the output space of the time
series, Length the number of sampled points, m̂ the estimator of the truncation order and
the accuracy is the percentage of correct classifications in the test set.
Dataset Train size Test size d Length m̂ Accuracy
Beetlefly 20 20 2 512 7 85 %
BirdChicken 20 20 2 512 6 65 %
Chinatown 20 345 2 24 4 90 %
Coffee 28 28 2 286 10 92.8 %
Computers 250 250 2 720 4 63.6 %
DistalPhalanxOutlineCorrect 600 276 2 80 7 73.1 %
Earthquakes 322 139 2 512 6 77 %
FordA 3601 1320 2 500 9 77.8 %
HandOutlines 1000 370 2 2709 4 65.4 %
HouseTwenty 40 101 2 2000 0 58.0 %
ProximalPhalanxOutlineCorrect 600 291 2 80 1 72.9 %
Strawberry 613 370 2 235 8 93.2 %
ToeSegmentation1 40 228 2 277 5 64 %
ToeSegmentation2 36 130 2 343 6 70.8 %
TwoLeadECG 23 1139 2 82 9 83.1 %
Wafer 1000 6164 2 152 4 93.2 %
Wine 57 54 2 234 1 50 %
WormsTwoClass 181 77 2 900 7 68.8 %
Yoga 300 3000 2 426 8 81 %
FaceDetection 5890 3524 145 62 0 50 %
FingerMovements 316 100 29 50 2 53 %
Heartbeat 204 205 62 405 2 69.2 %
MotorImagery 278 100 65 3000 2 45 %
SelfRegulationSCP1 268 293 7 896 2 77.1 %
SelfRegulationSCP2 200 180 8 1152 3 49.4 %
Moreover, we can compare the accuracy obtained with the expected signature
model to other models. Bagnall et al. (2017) show that a good benchmark
algorithm for time series classification is a one nearest neighbors algorithm with
the Dynamic Time Wrapping (DTW) distance, and provide the results of this
benchmark for all the univariate datasets. Therefore, we plot in Figure 9 our
accuracy against the benchmark for these datasets. We can see that the points
are close to the first bisector. Knowing that a Ridge regression is hardly the
best method for classification, these results are encouraging and show that the
expected signature model is promising.
7. Conclusion
In this paper, we have provided a complete and ready-to-use methodology to
perform a linear regression in the signature model. This led us to define a consis-
tent estimator of the signature truncation order. We underline that this model is
particularly relevant for multidimensional functions with interactions and gives
promising results on several datasets, both for regression and classification prob-
lems.
The signature is a flexible representation tool for multidimensional time series
and can be used in various contexts. This study is just a first step towards
understanding how it should be used in a statistical setting and there are a
lot of potential extensions. For example, Figure 7 suggests that the vector of
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Fig 9. The expected signature model accuracy against the benchmark of DTW with 1-nearest
neighbor algorithm on the 19 univariate datasets tested.
coefficients on the signature is sparse. Studying different sparsifying procedures
for signatures would be a valuable extension of our results. Another interesting
topic would be to investigate statistical models with the logsignature transform,
which is a more compact representation of the signature. The main difference is
that the logsignature does not possess linear approximation properties such as
Proposition 2.4 and therefore requires to depart from a linear model.
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Appendix A: Proof of Theorem 4.1
This section is devoted to the proof of Theorem 4.1. We will use extensively
results from van Handel (2014). The next two lemmas first show that it is
sufficient to obtain a uniform tail bound on the risk to control the convergence
of m̂.
Lemma A.1. For any m ∈ N,∣∣L̂n(m)− L(m)∣∣ ≤ sup
β∈Bm,α
∣∣R̂m,n(β)−Rm(β)∣∣.
Proof. Introducing R̂m,n(β∗m) yields
L̂n(m)− L(m) = R̂m,n(β̂m)−Rm(β∗m)
= R̂m,n(β̂m)− R̂m,n(β∗m) + R̂m,n(β∗m)−Rm(β∗m).
Since β̂m minimises R̂m,n over Bm,α, R̂m,n(β̂m)− R̂m,n(β∗m) ≤ 0, which gives
L̂n(m)− L(m) ≤ R̂m,n(β∗m)−Rm(β∗m) ≤ sup
β∈Bm,α
|R̂m,n(β)−Rm(β)|.
In the same manner,
L(m)− L̂n(m) ≤ sup
β∈Bm,α
|R̂m,n(β)−Rm(β)|,
which proves the lemma.
Lemma A.2. For any m > m∗,
P(m̂ = m) ≤ P(2 sup
β∈Bm,α
|R̂m,n(β)−R(β)| ≥ penn(m)− penn(m∗)
)
.
Proof. For any m ∈ N,
P(m̂ = m) ≤ P
(
L̂n(m) + penn(m) ≤ L̂n(m∗) + penn(m∗)
)
= P
(
L̂n(m
∗)− L̂n(m) ≥ penn(m)− penn(m∗)
)
.
Recall that, by the definition of the model (3.1), m 7→ L(m) is a decreasing
function and that its minimum is attained at m = m∗. Therefore, for any m ∈ N,
L(m∗) ≤ L(m), and Lemma A.1 yields
L̂n(m
∗)− L̂n(m) = L̂n(m∗)− L(m∗) + L(m∗)− L(m) + L(m)− L̂n(m)
≤ L̂n(m∗)− L(m∗) + L(m)− L̂n(m)
≤ supβ∈Bm∗,α |R̂m,n(β)−Rm(β)|
+ supβ∈Bm,α |R̂m,n(β)−Rm(β)|.
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For m > m∗, Bm∗,α ⊂ Bm,α, which gives
L̂n(m
∗)− L̂n(m) ≤ 2supβ∈Bm,α |R̂m,n(β)−Rm(β)|,
and the proof is complete.
From now on, we denote by Zm,n the centered empirical risk for signatures
truncated at m: for any β ∈ Bm,α,
Zm,n(β) = R̂m,n(β)−Rm(β) = 1
n
n∑
i=1
(
Yi−
〈
β, Sm(Xi)
〉)2−E(Y−〈β, Sm(X)〉)2.
We will now derive a uniform tail bound on Zm,n(β), which is the main result
needed to prove Theorem 4.1. In a nutshell, we show that (Zm,n(β))β∈Bm,α is a
subgaussian process for some appropriate distance, and then use a chaining tail
inequality (van Handel, 2014, Theorem 5.29) on Zm,n.
Lemma A.3. Under the assumptions (Hα) and (HK), for any m ∈ N, the
process (Zm,n(β))β∈Bm,α is subgaussian for the distance
D(β, γ) =
K√
n
‖β − γ‖, (A.1)
where the constant K is defined by (4.1).
Proof. By definition, it is clear that EZm,n(β) = 0 for any β ∈ Bm,α. Let
`(X,Y ) : Bm,α → R be given by
`(X,Y )(β) =
(
Y − 〈β, Sm(X)〉)2.
We first prove that `(X,Y ) is K-Lipschitz. For any β, γ ∈ Bm,α,
|`(X,Y )(β)− `(X,Y )(γ)| =
∣∣(Y − 〈β, Sm(X)〉)2 − (Y − 〈γ, Sm(X)〉)2∣∣
≤ 2 max
(∣∣Y − 〈β, Sm(X)〉∣∣, ∣∣Y − 〈γ, Sm(X)〉∣∣)
× ∣∣〈β − γ, Sm(X)〉∣∣
(because |a2 − b2| ≤ 2 max(|a|, |b|)|a− b|)
≤ 2 max
(∣∣Y − 〈β, Sm(X)〉∣∣, ∣∣Y − 〈γ, Sm(X)〉∣∣)
× ∥∥Sm(X)∥∥ ‖β − γ‖
(by the Cauchy-Schwartz inequality).
Moreover, by the triangle inequality and Cauchy-Schwartz inequality,∣∣Y − 〈β, Sm(X)〉∣∣ ≤ |Y |+ ∥∥Sm(X)∥∥‖β‖ ≤ KY + α∥∥Sm(X)∥∥,
and, by Proposition 2.5, ∥∥Sm(X)∥∥ ≤ e‖X‖TV ≤ eKX .
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Consequently,
∣∣Y − 〈β, Sm(X)〉∣∣ ≤ KY + αeKX , and∣∣`(X,Y )(β)− `(X,Y )(γ)∣∣ ≤ 2(KY + αeKX )eKX‖β − γ‖ = K‖β − γ‖.
Therefore, by Hoeffding’s lemma (van Handel, 2014, Lemma 3.6), `(X,Y )(β) −
`(X,Y )(γ) is a subgaussian random variable with variance proxy K
2‖β − γ‖2,
which gives, for λ ≥ 0,
E exp
(
λ
(
`(X,Y )(β)− `(X,Y )(γ)− E
(
`(X,Y )(β)− `(X,Y )(γ)
)))
≤ exp
(
λ2K2 ‖β − γ‖2
2
)
.
From this, it follows that
Eeλ
(
Zm,n(β)−Zm,n(γ)
)
= E exp
(
λ
n
n∑
i=1
`(Xi,Yi)(β)− `(Xi,Yi)(γ)− E
(
`(Xi,Yi)(β)
− `(Xi,Yi)(γ)
))
=
n∏
i=1
E exp
(
λ
n
(
`(Xi,Yi)(β)− `(Xi,Yi)(γ)− E
(
`(Xi,Yi)(β)
− `(Xi,Yi)(γ)
)))
≤ exp
(λ2K2 ‖β − γ‖2
2n
)
= exp
(λ2D(β, γ)2
2
)
,
where D(β, γ) = K‖β−γ‖√
n
, which completes the proof.
We can now derive a maximal tail inequality for Zm,n(β).
Proposition A.4. Under the assumptions (Hα) and (HK), for any m ∈ N,
x > 0, β0 ∈ Bm,α,
P
(
sup
β∈Bm,α
Zm,n(β) ≥ 108
√
piKα
√
sd(m)
n
+Zm,n(β0)+x
)
≤ 36 exp
(
− x
2n
144K2α2
)
,
where the constant K is defined by (4.1).
Proof. By Lemma A.3, Zm,n is a subgaussian process for D, defined by (A.1).
So, we may apply Theorem 5.29 of van Handel (2014) to Zm,n on the metric
space (Bm,α, D):
P
(
sup
β∈Bm,α
Zm,n(β)− Zm,n(β0) ≥ 36
∫ ∞
0
√
log(N(ε,Bm,α, D))dε+ x
)
≤ 36 exp
(
− x
2n
36× 4K2α2
)
,
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where N(ε,Bm,α, D) is the ε-covering number of Bm,α with respect to D, and
where we use that
diam(Bm,α) =
2Kα√
n
.
Moreover, N(ε,Bm,α, D) = N(
√
n
K ε,Bm,α, ‖ · ‖) , and so, by Lemma 5.13 of van
Handel (2014),
N(ε,Bm,α, D) ≤
(
3Kα√
nε
)sd(m)
if ε <
Kα√
n
,
and
N(ε,Bm,α, D) = 1 otherwise.
Therefore,∫ ∞
0
√
log(N(ε,Bm,α, D))dε =
∫ Kα√
n
0
√
log(N(ε,Bm,α, D))dε
≤
∫ Kα√
n
0
√
sd(m) log
(
3Kα√
nε
)
dε
≤ 3Kα
√
sd(m)
n
∫ ∞
0
2x2 exp
(−x2) dx
= 3Kα
√
sd(m)
n
√
pi, (A.2)
where in the second inequality we use the change of variable x =
√
log
(
2Kα√
nε
)
.
Since P(m̂ 6= m∗) = P(m̂ > m∗) + P(m̂ < m∗), we divide the proof into two
cases. Let us first consider m > m∗ in the next proposition.
Proposition A.5. Let 0 < ρ < 12 , and penn(m) be defined by (4.2):
penn(m) = Kpenn
−ρ√sd(m).
Let n1 be the smallest integer satisfying
n1 ≥
(
432
√
piKα
√
sd(m∗ + 1)
Kpen(
√
sd(m∗ + 1)−
√
sd(m∗))
)1/( 12−ρ)
. (A.3)
Then, under the assumptions (Hα) and (HK), for any m > m
∗, n ≥ n1,
P (m̂ = m) ≤ 74 exp (− C3(n1−2ρ + sd(m))),
where the constant C3 is defined by
C3 =
K2pend
m∗+1
128sd(m∗ + 1)(72K2α2 +K2Y )
.
A. Fermanian/Linear functional regression with truncated signatures 24
Proof. Let
um,n =
1
2
(
penn(m)− penn(m∗)
)
=
Kpen
2
n−ρ
(√
sd(m)−
√
sd(m∗)
)
.
As m 7→ penn(m) is increasing in m, it is clear that um,n > 0 for any m > m∗.
From Lemma A.2, we see that
P (m̂ = m) ≤ P
(
sup
β∈Bm,α
|Zm,n(β)| > um,n
)
= P
(
sup
β∈Bm,α
Zm,n(β) > um,n
)
+ P
(
sup
β∈Bm,α
(−Zm,n(β)) > um,n
)
.
We focus on the first term of the inequality, the second can be handled in
the same way since Proposition A.4 also holds when Zm,n(β) is replaced by
−Zm,n(β). Let β0 be a fixed point in Bm,α that will be chosen later, we have
P
(
sup
β∈Bm,α
Zm,n(β) > um,n
)
= P
(
sup
β∈Bm,α
Zm,n(β) > um,n, Zm,n(β0) ≤ um,n
2
)
+ P
(
sup
β∈Bm,α
Zm,n(β) > um,n, Zm,n(β0) >
um,n
2
)
≤ P
(
sup
β∈Bm,α
Zm,n(β) >
um,n
2
+ Zm,n(β0)
)
+ P
(
Zm,n(β0) >
um,n
2
)
. (A.4)
We treat each term separately. The first one is handled by Proposition A.4. To
this end, we need to ensure that
um,n
2 −108Kα
√
pisd(m)
n is positive. By definition,
um,n
2
− 108Kα
√
pisd(m)
n
=
Kpen
2
n−ρ
(√
sd(m)−
√
sd(m∗)
)
− 108Kα
√
pisd(m)
n
=
√
sd(m)n
−ρKpen
2
(
1−
√
sd(m∗)
sd(m)
− 2× 108
√
piKα
Kpen
nρ−
1
2
)
.
≥
√
sd(m)n
−ρKpen
2
(
1−
√
sd(m∗)
sd(m∗ + 1)
− 216
√
piKα
Kpen
nρ−
1
2
)
.
Let n1 ∈ N be such that
1−
√
sd(m∗)
sd(m∗ + 1)
− 216
√
piKα
Kpen
n
ρ− 12
1 >
1
2
(
1−
√
sd(m∗)
sd(m∗ + 1)
)
⇔ n1 >
(
432
√
piKα
√
sd(m∗ + 1)
Kpen(
√
sd(m∗ + 1)−
√
sd(m∗))
)1/( 12−ρ)
,
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then, for any n ≥ n1,
um,n
2
− 108Kα
√
pisd(m)
n
≥
√
sd(m)n
−ρKpen
4
(
1−
√
sd(m∗)
sd(m∗ + 1)
)
> 0.
Hence, Proposition A.4 applied to x =
um,n
2 − 108
√
piKα
√
sd(m)
n now shows
that, for n ≥ n1,
P
(
sup
β∈Bm,α
Zm,n(β) >
um,n
2
+ Zm,n(β0)
)
≤ 36 exp
(
− n
144K2α2
(
um,n
2
− 108Kα
√
pisd(m)
n
)2)
≤ 36 exp
(
− sd(m)n
1−2ρK2pen
144K2α2 × 16
(
1−
√
sd(m∗)
sd(m∗ + 1)
)2)
= 36 exp
(
− κ1sd(m)n1−2ρ
)
, (A.5)
where
κ1 =
K2pen
2304K2α2
(
1−
√
sd(m∗)
sd(m∗ + 1)
)2
.
We now turn to the second term of (A.4). Since∣∣Y − 〈β0, Sm(X)〉∣∣2 ≤ (KY + ‖β0‖eKX )2 a.s. ,
Hoeffding’s inequality yields, for n ≥ n1,
P
(
Zm,n(β0) >
um,n
2
)
≤ exp
(
− nu
2
m,n
8
(
KY + ‖β0‖eKX
)2)
= exp
(
−
n1−2ρK2pen
(√
sd(m)−
√
sd(m∗)
)2
32
(
KY + ‖β0‖eKX
)2 )
≤ exp
(
− n
1−2ρK2pensd(m)
32
(
KY + ‖β0‖eKX
)2(1−
√
sd(m∗)
sd(m∗ + 1)
)2)
= exp
(−κ2n1−2ρsd(m)) , (A.6)
where
κ2 =
K2pen
32
(
KY + ‖β0‖eKX
)2(1−
√
sd(m∗)
sd(m∗ + 1)
)2
.
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Combining (A.5) with (A.6), we obtain
P
(
sup
β∈Bm,α
Zm,n(β) > um,n
)
≤ 36 exp (− κ1n1−2ρsd(m))+ exp (− κ2n1−2ρsd(m))
≤ 37 exp (− κ3n1−2ρsd(m))
≤ 37 exp
(
− κ3
2
(
n1−2ρ + sd(m)
))
,
where κ3 = min(κ1, κ2). The same proof works for the process (−Zm,n(β)), and
consequently
P (m̂ = m) ≤ 2× 37 exp
(
− κ3
2
(
n1−2ρ + sd(m)
))
.
We are left with the task of choosing an optimal β0. Since
κ3 = min(κ1, κ2)
=
K2pen
32
(
1−
√
sd(m∗)
sd(m∗ + 1)
)2
min
(
1
72K2α2
,
1(
KY + ‖β0‖eKX
)2),
it is clear that κ3 is maximal at β0 = 0, which yields
κ3 =
K2pen
32
(
1−
√
sd(m∗)
sd(m∗ + 1)
)2
min
(
1
72K2α2
,
1
K2Y
)
.
Noting that√
sd(m∗ + 1)−
√
sd(m∗) =
√
dm∗+1 + sd(m∗)−
√
sd(m∗) ≥
√
dm∗+1
2
,
where we have used the fact that for a, b ≥ 0, √a+√b ≥ √2√a+ b, letting
C3 =
1
2
× K
2
pend
m∗+1
64sd(m∗ + 1)(72K2α2 +K2Y )
completes the proof.
To treat the case m < m∗, we need a rate of convergence of L̂n. This can be
obtained with arguments similar to the previous proof.
Proposition A.6. For any ε > 0, m ∈ N, let n2 ∈ N be the smallest integer
such that
n2 ≥ 432
2K2piα2sd(m)
ε2
. (A.7)
Then, for any n ≥ n2,
P
(∣∣L̂n(m)− L(m)∣∣ > ε) ≤ 74 exp (− C4nε2),
where the constant C4 is defined by
C4 =
1
2(1152K2α2 +K2Y )
. (A.8)
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Proof. By Lemma A.1,
P
(|L̂n(m)− L(m)| > ε) ≤ P( sup
β∈Bm,α
|Zm,n(β)| > ε
)
= P
(
sup
β∈Bm,α
Zm,n(β) > ε
)
+ P
(
sup
β∈Bm,α
(−Zm,n(β)) > ε
)
.
Let us fix β0 ∈ Bm,α, we can now proceed as in Proposition A.5. Since, for
n ≥ n2,
ε
2
− 108Kα
√
pisd(m)
n
>
ε
4
> 0,
Hoeffing’s inequality and Proposition A.4 show that
P
(
sup
β∈Bm,α
Zm,n(β) > ε
)
≤ P
(
sup
β∈Bm,α
Zm,n(β) >
ε
2
+ Zm,n(β0)
)
+ P
(
Zm,n(β0) >
ε
2
)
≤ 36 exp
(
− n
144K2α2
(ε
2
− 108Kα
√
pisd(m)
n
)2)
+ exp
(
− nε
2
2
(
KY + ‖β0‖eKX
)2)
≤ 36 exp
(
− nε
2
2304K2α2
)
+ exp
(
− nε
2
2
(
KY + ‖β0‖eKX
)2)
≤ 37 exp (−κ4nε2) ,
where
κ4 = min
(
1
2304K2α2
,
1
2
(
KY + ‖β0‖eKX
)2).
The same analysis can be done to (−Zm,n(β)), and so
P
(
|L̂n(m)− L(m)| > ε
)
≤ 74 exp (−κ4nε2) .
Moreover, taking β0 = 0 gives
κ4 = min
(
1
2304K2α2
,
1
2
(
KY + ‖β0‖eKX
)2
)
≥ 1
2(1152K2α2 +K2Y )
= C4,
which completes the proof.
This allows us to treat the case m < m∗.
Proposition A.7. Let 0 < ρ < 12 and penn(m) be defined by (4.2). Let n3 be
the smallest integer satisfying
n3 ≥
(
2
√
sd(m∗)
L(m∗ − 1)− σ2
(
432Kα
√
pi +Kpen
))1/ρ
. (A.9)
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Then, under the assumptions (Hα) and (HK), for any m < m
∗, n ≥ n3,
P (m̂ = m) ≤ 148 exp
(
− nC4
4
(
L(m)− L(m∗)− penn(m∗) + penn(m)
)2)
,
where the constant C4 is defined by (A.8).
Proof. This is a consequence of Proposition A.6. For any m < m∗,
P(m̂ = m)
≤ P
(
L̂n(m)− L̂n(m∗) ≤ penn(m∗)− penn(m)
)
= P
(
L̂n(m
∗)− L(m∗) + L(m)− L̂n(m) ≥ L(m)− L(m∗)−
(
penn(m
∗)
− penn(m)
))
≤ P
(∣∣L̂n(m)− L(m)∣∣ ≥ 1
2
(
L(m)− L(m∗)− penn(m∗) + penn(m)
))
+ P
(∣∣L̂n(m∗)− L(m∗)∣∣ ≥ 1
2
(
L(m)− L(m∗)− penn(m∗) + penn(m)
))
.
In order to apply Proposition A.6, we first need to ensure that L(m)−L(m∗)−
penn(m
∗) + penn(m) is strictly positive. Recall that m 7→ L(m) is a decreasing
function, minimal at m = m∗ and then bounded by σ2. Recall also that m 7→
penn(m) is strictly increasing. This gives, for m < m
∗:
L(m)− L(m∗)− penn(m∗) + penn(m) > L(m∗ − 1)− σ2 −Kpenn−ρ
√
sd(m∗).
This implies that it is enough that
L(m∗ − 1)− σ2 −Kpenn−ρ
√
sd(m∗) >
1
2
(L(m∗ − 1)− σ2) (A.10)
to ensure that L(m) − L(m∗) − penn(m∗) + penn(m) > 0. This yields a first
condition on n3:
n3 ≥
(
2Kpen
√
sd(m∗)
L(m∗ − 1)− σ2
) 1
ρ
. (A.11)
However, to apply Proposition A.6, we also need n3 to satisfy (A.7) , which
writes
n3 ≥ 432
2K2piα2sd(m)
(L(m)− L(m∗)− penn(m∗) + penn(m))2
.
If n3 satisfies (A.11), we can bound the right-hand side uniformly in m:
4322K2piα2sd(m)(
L(m)− L(m∗)− penn(m∗) + penn(m)
)2 ≤ 4× 4322K2piα2sd(m∗)(L(m∗ − 1)− σ2)2
=
(
2× 432Kα√pisd(m∗)
L(m∗ − 1)− σ2
)2
.
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We can assume that this quantity is larger than 1, as otherwise the condition
on n3 will be trivially satisfied. Then, as ρ <
1
2 , it is enough for n3 to satisfy
n3 ≥ max
(
2Kpen
√
sd(m∗)
L(m∗ − 1)− σ2 ,
2× 432Kα√pisd(m∗)
L(m∗ − 1)− σ2
)1/ρ
,
or in a more compact form that
n3 ≥
(
2(Kpen + 432Kα
√
pi)
√
sd(m∗)
L(m∗ − 1)− σ2
)1/ρ
.
We conclude by applying Proposition A.6 to both terms with
ε =
1
2
(
L(m)− L(m∗)− penn(m∗)− penn(m)
)
.
We are now in a position to prove Theorem 4.1.
Proof of Theorem 4.1. The result is a consequence of Propositions A.5 and A.7.
For this, we first need to ensure that the conditions on n (A.3) and (A.9) are
satisfied. Thus, we need to bound
M = max
((
2
√
sd(m∗)
L(m∗ − 1)− σ2
(
432Kα
√
pi +Kpen
))1/ρ
,
(
432
√
piKα
√
sd(m∗ + 1)
Kpen(
√
sd(m∗ + 1)−
√
sd(m∗))
)1/( 12−ρ))
.
If ρ˜ = min(ρ, 12 − ρ), then
M ≤
(
(432Kα
√
pi +Kpen)
√
sd(m∗ + 1)
max
(
2
L(m∗ − 1)− σ2 ,
1
Kpen
(√
sd(m∗ + 1)−
√
sd(m∗)
)))1/ρ˜
≤
(
(432Kα
√
pi +Kpen)
√
sd(m∗ + 1)
( 2
L(m∗ − 1)− σ2 +
√
2
Kpen
√
dm∗+1
))1/ρ˜
.
Therefore, condition (4.3) implies that (A.3) and (A.9) are satisfied. Splitting
the probability P (m̂ 6= m∗) into two terms now gives
P (m̂ 6= m∗) = P (m̂ > m∗)+P (m̂ < m∗) ≤
∑
m>m∗
P (m̂ = m)+
∑
m<m∗
P (m̂ = m) .
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On the one hand, Theorem A.5 shows that, for n ≥ n0,∑
m>m∗
P (m̂ = m) ≤ 74e−C3n1−2ρ
∑
m>m∗
e−C3sd(m),
and, on the other hand, Proposition A.7 gives
∑
m<m∗
P (m̂ = m) ≤ 148
m∗−1∑
m=0
exp
(
− C4
4
n
(
L(m)− L(m∗)− penn(m∗)
+ penn(m)
))
≤ 148m∗ exp (− C4
8
n(L(m∗ − 1)− σ2)),
where we have used that for n ≥ n0, (A.10) is true. Letting
κ5 = min
(
C3,
C4(L(m
∗ − 1)− σ2)
8
)
yields
P (m̂ 6= m∗) ≤ 74e−κ5n1−2ρ
∑
m>0
e−C3sd(m) + 148m∗e−κ5n
≤ C1e−κ5n1−2ρ ,
where
C1 = 74
∑
m>0
e−C3sd(m) + 148m∗. (A.12)
To complete the proof, it remains to find a lower bound on κ5:
κ5 = min
(
C3,
C4(L(m
∗ − 1)− σ2)
8
)
= min
(
K2pend
m∗+1
128sd(m∗ + 1)(72K2α2 +K2Y )
,
L(m∗ − 1)− σ2
16(1152K2α2 +K2Y )
)
≥ 1
16(1152K2α2 +K2Y )
min
( K2pendm∗+1
8sd(m∗ + 1)
, L(m∗ − 1)− σ2
)
= C2. (A.13)
Appendix B: Proof of Corollary 4.2
First, let us note that
E
(〈β̂m̂, Sm̂(X)〉 − 〈β∗m∗ , Sm∗(X)〉)2 = E(Rm̂(β̂m̂))−Rm∗(β∗m∗).
Moreover, we have a.s.
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Rm̂(β̂m̂)−Rm∗(β∗m∗) = Rm̂(β̂m̂)−Rm̂(β∗m̂) +Rm̂(β∗m̂)−Rm∗(β∗m∗)
= Rm̂(β̂m̂)− R̂m̂,n(β̂m̂) + R̂m̂,n(β̂m̂)− R̂m̂,n(β∗m̂)
+ R̂m̂,n(β∗m̂)−Rm̂(β∗m̂) +Rm̂(β∗m̂)−Rm∗(β∗m∗)
≤ Rm̂(β̂m̂)− R̂m̂,n(β̂m̂) + R̂m̂,n(β∗m̂)−Rm̂(β∗m̂)
+Rm̂(β∗m̂)−Rm∗(β∗m∗)
≤ 2 sup
β∈Bm̂,α
|R̂m̂,n(β)−Rm̂(β)|
+Rm̂(β∗m̂)−Rm∗(β∗m∗)
We decompose the proof into two lemmas.
Lemma B.1.
E
(
sup
β∈Bm̂,α
|R̂m̂,n(β)−Rm̂(β)|
)
= O
( 1√
n
)
.
Proof. From Corollary 5.25 of van Handel (2014) and (A.2), for any m ∈ N,
E
(
sup
β∈Bm,α
|R̂m,n(β)−Rm(β)|
)
≤ 12
∫ ∞
0
√
log(N(Bm,α, D, ε))
= 36Kα
√
sd(m)
√
pi
n
,
where N(Bm,α, D, ε) is the ε-covering number of Bm,α with respect to the dis-
tance D, defined by (A.1). This gives, for m = m̂,
E
(
sup
β∈Bm̂,α
|R̂m̂,n(β)−Rm̂(β)|
)
≤ 36Kα
√
pi
n
E
(√
sd(m̂)
)
.
To compute this expectation, Proposition A.5 yields
E
(√
sd(m̂)
)
=
∑
m≤m∗
√
sd(m)P(m̂ = m) +
∑
m>m∗
√
sd(m)P(m̂ = m)
≤ (m∗ + 1)
√
sd(m∗)
+
∑
m>m∗
√
sd(m)74 exp
(− C3(n1−2ρ + sd(m)))
≤ (m∗ + 1)
√
sd(m∗)
+ e−C3n
1−2ρ ∑
m>m∗
√
sd(m)74 exp
(− C3sd(m))
= O(1),
which completes the proof.
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Lemma B.2.
E
(Rm̂(β∗m̂)−Rm∗(β∗m∗)) = O(e−C2n1−2ρ),
where the constant C2 is defined by (A.13).
Proof. Since, for any m ∈ N,
〈β∗m, Sm(X)〉2 ≤ ‖β∗k‖22‖Sm(X)‖22 ≤ α2eKX ,
it follows that
E
(Rm̂(β∗m̂)−Rm∗(β∗m∗)) = E((Y − 〈β∗m̂, Sm̂(X)〉)2 − (Y − 〈β∗m∗ , Sm∗(X)〉)2)
= E
((〈β∗m∗ , Sm∗(X)〉+ ε− 〈β∗m̂, Sm̂(X)〉)2 − ε2)
= E
((〈β∗m∗ , Sm∗(X)〉 − 〈β∗m̂, Sm̂(X)〉)2)
≤ 2α2eKXP(m̂ 6= m∗).
By Theorem 4.1, this yields
E
(Rm̂(β∗m̂)−Rm∗(β∗m∗)) ≤ 2α2eKXC1e−C2n1−2ρ = O(e−C2n1−2ρ),
where C1 and C2 are defined by (A.12) and (A.13).
Combining these lemmas, we conclude that
E
(〈β̂m̂, Sm̂(X)〉 − 〈β∗m∗ , Sm∗(X)〉)2 = O( 1√n)+O(e−C2n1−2ρ) = O( 1√n).
